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1"RODUCTION 

Simultaneous forced and f r e e  convection by laminar flow on an in-  

verted cone ro t a t ing  about a ve r t i ca l  axis i n  a quiescent f l u i d  has been 

analyzed by Hering and Grosh ( re f .  1). I n  t h e i r  study, the  expansion of 

t h e  heated f l u i d  produced a buoyancy fo rce  t h a t  w a s  d i rec ted  upward and 

away f r o m t h e  apex at  t h e  lowest point on the  cone. A simultaneous swirl- 

i n g  motion o r  t h e  f l u i d  w a s  induced by t h e  adherence of t h e  f l u i d  a t  t h e  

surface t o  t h e  ro t a t ing  cone. The surface temperature increased l i n e a r l y  

w i t h  d is tance from t h e  apex so t h a t  similar ve loc i ty  and temperature pro- 

f i les  were obtained. I n  prac t ice ,  however, t h e  isothermal cone is most 

of ten  encountered. Kreith and Kneisel (ref. 2) reported average heat- 

t r a n s f e r  performance on ro t a t ing  isothermal cones with free and forced 

convection. Local heat-transfer results are d i f f i c u l t  t o  obtain from 

experimentally determined average r e su l t s  espec ia l ly  i n  the present  case 

because similar ve loc i ty  and temperature p r o f i l e s  do not occur. 

I n  t h e  present study, a series so lu t ion  t o  the  isothermal problem is  
--& 

formulated, and the f i rs t  terms of t h e  series are presented f o r  a Prandt l  

number of 0.72. From these results, l o c a l  heat  t r a n s f e r  and shear per- 

formance can be calculated. 

ANALYSIS 

Laminar boundary-layer equations su i t ab le  f o r  a ro t a t ing  cone w i t h  
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buoyancy forces  i n  the  a x i a l  direct ion are 

a u  + a v  u ax %+,=O 

aU au  w 2 - J3g(COS y ) ( T  - Tm) + v - a 2 U  
a Y 2  + " 5  - x- 

where x, y,  and z are dis tances  along t h e  cone generators f r o m t h e  

apex,normal t o  t h e  cone,and along t h e  circumference of the c i r c u l a r  sec- 

t i o n s  of t h e  cone, respectively.  The corresponding ve loc i ty  components 

are u, v, and w. The standard property symbols a, B, and v desig- 

na te  thermal d i f fus iv i ty ,  expansion coef f ic ien t ,  and kinematic viscosi ty .  

The symbols T, g, and y represent temperature, g rav i t a t iona l  accelera- 

t i o n ,  and ha l f  t h e  cone apex angle. I n  eqs. (1) t o  (4 ) ,  no changes i n  

t h e  z-direction are shown s ince  t h e  flow i s  symmetrical about t h e  cone 

axis. Buoyancy i s  represented by t h e  usual free-convection term i n  t h e  

x-direct ion but has been neglected i n  the y-direction. 

The stream function, defined by 

and the transformations 

JI = x 2 ( m  s i n  y)1/2f(T) 

w = xu( s i n  y)g( 7) 

T - T, = (Tw - T,)e(T> 

7 = y[u(  s in  y) /v  1 1/2 

where (I) i s  the ro t a t iona l  speed of- the cone and Tw i s  t h e  cone t e m -  
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pera ture ,  are subs t i tu ted  i n t o  eqs. (1) t o  ( 4 ) ,  and a series so lu t ion  t o  

t h e  r e su l t i ng  equations is  proposed: 

f = fo + (Gr /Re2) f l  + ( 5 4  

g = go + (Gr/Re2)gl + (5b) 

where G r  = f3g (Tw - ~ ) x 3 ( c 0 s  r ) / v 2  and Re = Gco(sin r)/v are t h e  

Grashof and t h e  Reynolds numbers. 2 Posi t ive o r  negative values of Gr/Re 

are associated with buoyancy forces  tha t  a i d  o r  r e t a r d  t h e  forced flow 

away from t h e  cone apex. Two sets of ordinary d i f f e r e n t i a l  equations re- 

sult from equation of l i k e  powers of Gr/Re2: 

f;' + 2f f" - fg + go 2 = 0 
0 0  

+ 2f0gi, - 2f& = 0 

0; + 2 Pr foe6 = 0 

fl"' + 2f0f; + 2flfi; - 2 f A f i  + 2g0g1 + 80 = 0 

g;I + 2f0g1 + 2f 1 0  g' - Z%f; - 2 % 0 = O  f '  

e; + 2 Pr(  foci + fie$ = o 

( 7 4  

(7b) 

( 7 4  

where P r  = v / a  is  t h e  Prandt l  number. Corresponding t o  t h e  physical 

boundary conditions u = v = 0, w = xw s i n  r, T = Tw a t  Y = 0, and 

u 4 v + w -+ ( T  - T,) + 0 as y 4 m, t h e  transformed conditions are 

fo = fE, = 0, go = 1, eo = 1 

fl = f; = g1 = el = o 

fi, -+ go -+ eo -b o 

f; -b g1 -b el -b 0 
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Eqs. ( 6 )  and (8) are t h e  same as those f o r  t h e  r o t a t i n g  cone or d i s k  with- 

out buoyancy t h a t  have been numerically in tegra ted  by Ostrach and Thornton 

(ref. 3 ) ,  among others. The tabulated r e s u l t s  of ref. 3 provided t h e  neces- 

sa ry  starting information f o r  t h e  numerical i n t eg ra t ion  of eqs. ( 7 )  and (8). 

Functions fl, gl, and el f o r  a Prandtl  number of 0.72 are shown i n  f ig .  1 

together  with fo, and eo. Surface der iva t ives  are l i s t e d  i n  t a b l e  I. 

I 0.5102 I -0.6159 I -0.3286 1 0.6200 I -0.5044 1 -0.4002 1 
muLTs 

Changes i n  l o c a l  surface shear ( i n  x- and y-direct ions)  and hea t  

t r a n s f e r  due t o  buoyancy can be visual ized by forming r a t i o s  

'x/Txo = f"(O)/f;(O) = 1 + (Gr/Re2)fT(0)/fG(O) + 

= 1 + 1.215(Gr/Re2) + ( 9 4  

= 1 + 1.218(Gr/Re2) + - (9c)  

where 0 subscr ip ts  refer t o  quan t i t i e s  on a ro t a t ing  cone without buoy- 

ancy e f f ec t s  that can be calculated from t h e  de f in i t i ons  of shear  and 
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and the values from ref. 3 t h a t  are l i s t e d  i n  t a b l e  I. 

hea t  f l ux  r a t i o s  defined by eq. ( 9 )  are displayed i n  fig. 2 along with 

t h e  corresponding results from t h e  s imi l a r i t y  solut ions of ref. 1. 

The shear and 

Calculations i n  ref. 1 were carr ied out only f o r  flows with the  buoy- 

ancy forces  directed away from t h e  cone apex corresponding t o  (Gr/Re2) > 0 

i n  fig. 2. The isothermal so lu t ion  is va l id  f o r  flows with buoyancy di- 

rec ted  e i t h e r  toward o r  away f r o m  t h e  cone apex, as shown by the  negative 

and pos i t i ve  abscissa values i n  f ig .  2. 

The increase of T ~ / T ~ ~  with Gr/Re2 i n  the  s i m i l a r i t y  case is  

near ly  l i n e a r ,  w h i l e  t h e  other  r a t i o s  i n  f ig .  2 increase with more cur- 

vature. 

t runcated series f o r  T~ i s  a b e t t e r  approximation t o  t h e  f i n a l  so lu t ion  

than those f o r  T~ and q s ince  curvature i s  introduced by higher order 

terms than those presented herein. 

If t h i s  t rend carries over i n t o  t h e  isothermal solut ion,  t h e  

The accuracy of t he  isothermal so lu t ion  is l imited by the nature of 

series solut ions t o  small  values of t h e  expansion parameter 

Since Gr/Re2 l/x, t h e  solut ion improves i n  accuracy with x. I n  f a c t ,  

t h e  convergence of t h e  so lu t ion  can only be expected away from t h e  cone 

apex. Actually, t h i s  fea ture  i s  an advantage s ince t h e  boundary-layer 

i dea l i za t ions  do not describe the  flow i n  t h e  neighborhood of t h e  cone 

apex but are a good approximation of the f l o w  i n  t h e  region of conver- 

gence of t h e  series solution. 

Gr/Re2. 
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